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Finite frequency current noise is studied theoretically for a ID electron system in presence of a 
scatterer. In contrast to zero frequency shot noise, finite frequency noise shows spatial oscillations 
at high frequencies with wavelength nvp/uj. Band curvature leads to a decay of the amplitude of 
the noise oscillations as one moves away from the scatterer, superimposed by a beat. Furthermore, 
Coulomb interaction reduces the amplitude and modifies the wavelength of the oscillations, which 
we inspect in the framework of the Luttinger liquid (LL) model. The oscillatory noise contributions 
are only suppressed altogether when the LL interaction parameter g — > 0. 
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I. INTRODUCTION 

Current noise in mesoscopic systems has become an 
attractive research area, because it contains information 
that cannot be extracted from the current- voltage charac- 
teristics alonai. Most of the theoretical discussions about 
current noise in one-dimensional (ID) systems focus on 
the zero frequency shot noise, because it may provide in- 
sights into quantization of charge and statistics of charge 
carriers in a quantum wire. In earlier theoretical work 
non interacting (Fermi liquid) ID systems were analyzed 
in the spirit of the Landauer-Biittiker scattering matrix 
formalism^iMi. Short wavelength spatial oscillations of 
shot noise close to an impurity in the quantum wire were 
investigated by Gramespacher and Biittiker- based on 
the assumption of non interacting charge carriers. More 
recently, shot noise of strongly correlated electron sys- 
tems has been addressed using different algebraic tech- 
niques, such as for instance bosonization^, the thermo- 
dynamic Bethe ansataSi, and refermionizatior^. It has 
been shown by different group o^°d^ that due to the cou- 
pling of a strongly correlated (Luttinger liquid) electron 
system to noninteracting (Fermi liquid) electron reser- 
voirs, the ideal Poisson shot noise is not renormalized by 
the interaction, as might have been expected from earlier 
theoretical work2i2iS. 

Most of the theoretical investigations on current noise 
calculate the finite frequency noise at the impurity site, 
so that spatial oscillations remain unnoticed. However, 
Lesovik-- has calculated the current-current correlator 
{I{t,x)I{t' ,x')), and therefore the integrand of the cur- 
rent noise given by Eq. (jHJ below, in the most general 
form {t ^ t' , X ^ x'), but he has only analyzed this cor- 
relator for the case of a clean quantum wire, where spa- 
tial oscillations of finite frequency current noise do not 
exist. How averaging over space affects the shot noise of 
a two- and three-terminal ID system was investigated by 
Gavish, Levinson, and ImrjJ^. Furthermore, the wave 
behavior of a high-frequency current through a double- 
barrier tunneling structure was studied numerically by 
Cai, Hu, and Lax^^. Although most of these works have 



investigated certain aspects of the spatial structure of the 
current noise, a discussion of the long wavelength spatial 
dependence of finite frequency noise is lacking. This will 
be done in this article. 

The spatial dependence of the noise becomes impor- 
tant in the high frequency regime, because, apart from 
the length of the quantum wire, vp/^^, where co is the 
noise frequency and vp the Fermi velocity, provides an 
additional length scale, which affects current noise mea- 
surements. Only for w charge conservation implies 
a noise strength independent of the position, where it is 
measured. We will show that once lu is finite, the cur- 
rent noise exhibits long wavelength spatial oscillations, 
which depend on the noise frequency, the Fermi veloc- 
ity, and the distance between the point of measurement 
and the impurity in the quantum wire. We first address 
non interacting systems with linear dispersion, where the 
origin of the spatial oscillations is easily seen. However, 
these noise oscillations are affected by band curvature 
and Coulomb interaction. A finite band curvature calcu- 
lation shows that the spatial oscillations decay away from 
the impurity site and show a beating behavior. Coulomb 
interaction, which we take into account by describing the 
quantum wire as a Luttinger liquid (LL), suppresses the 
amplitude of the noise oscillations by a factor g and mod- 
ifies its wavelength. Here, g is the LL interaction param- 
eter (5 < 1 for repulsive interactions). 

The article is organized as follows. In Chapter HTl we 
describe the general model of a quantum wire with an 
impurity. Then, in Chapter IIIII we calculate the finite 
frequency noise with special emphasis on the noise oscil- 
lations. Chapter IIVI treats the influence of band curva- 
ture, and Chapter^the effect of Coulomb interaction on 
the spatial oscillations. Finally, we summarize our results 
and point out open problems in Chapter lVIl Throughout 
this article we formally treat spin-polarized (single chan- 
nel) quantum wires, but our findings apply generally to 
the case of electrons with spin. For non interacting elec- 
trons, the effect of spin on the noise is trivial, leading to 
an overall factor 2. The results in ChapterlVlfor electrons 
with Coulomb interaction, are also only trivially affected 
by the inclusion of spin, again leading to an overall factor 



2 



2. This is due to the fact that we restrict the discussion 
in Chapter [V] to the spatial oscillations of the equilib- 
rium noise in a half-open wire, where charge and spin 
field operators are decoupledi^. 



II. GENERAL MODEL 

Non interacting electrons of mass m moving along a 
quantum wire with a (5-scatterer at x — are described 
by the Schrodinger equation 



Zm OX'' m 



where the scattering potential is V{x) — {fi^ K/ra)5{x) 
with a scattering strength A. For all positive energies 
Ek = h^k^/2m, the eigenstates (fc > 0) 



i'kix) 



1 



^ikx _|_ ^-ikx ^ Q-J 



VI I e*'^" (x > 0) 



(2) 



where L is the length of the quantum wire, describe a 
wave incident from the left, commonly called right-mover, 
that is partially transmitted and partially reflected and 
solves Eq. ^ with a transmission amplitude 



(3) 



1 + iK/k ■ 
Likewise, there is a solution {k > 0) 

(f>k{x) EE '0-fc(-T) = I/Jki-X) 

describing a wave incident from the right, a so called 
left-mover eigenstate. We apply a voltage U to the ends 
of the quantum wire by connecting them adiabatically to 
external leads with chemical potentials /i^ ~ Ep+eU and 
/Ltij = Ep, where E'^ is the Fermi energy. Consequently, 
the states ipkix) are filled up to fc = (kp + 2meU /h^Y^^, 
while the states (j>k{x) are only filled up to fc = fc^- If 
we assume a rather small applied voltage U (compared to 
Ep), the transmission (tk) and reflection amplitudes (r^) 
do not vary much in the fc-range [kp,{kl, + 2meU/h^y/^] 
and can effectively be replaced by constant values at the 
Fermi edge, tkp = t and rup = r. 

In the second quantized form, the eigenstates Q allow 
to expand the electron fleld operator 



^{t,x) 



k>0 



where the operators {b^,) and (bk) are Fermi cre- 
ation and annihilation operators obeying the usual an- 
ticommutation relations. Then, in the grand canonical 
ensemble 



the expectation values of products of creation and anni- 
hilation operators read 



with the standard Fermi distribution function 



f{k;U) 



1 + cxp[/3(Efc - {Ep + eU))] 



where /3^^ = fcsT. For future reference, we now briefly 
discuss the calculation of the current through a ID non 
interacting quantum wire. Inserting the expansion Q 
into the standard expression for the quantum mechanical 
current operator I(t, x) yields 



^{x/h){E^-E'^)t 



k,k' 



(5) 



where the operator V is defined by AWB — A{WB) — 
{\7A)B. Note, that in Eq. (0) and in the rest of the 
article all tp^s and (j)kS depend explicitly on x. Then, 
the expectation value of the current becomes 



2mi 



(("I-J^V* + (i>^i)«V*t) . (6) 

If we now consider the quantum wire, say, on the right 
side of the impurity (x > 0) wc find 

; ^ ; l2k , iQ ^2fc 

, " z2/b, , ,1-1. z2/c, , 

</.^V0fe = - — (l-|rn = - — (l-7e) . 

Here, T — is the transmission coefficient of the cur- 



rent fiow through the barrier and TZ = 



= 1 - r the 



reflection coefficient. Going over to the continuum limit 
(L oo) and changing variables k ^ Ej. = Ti^k"^ /2m, 
the current reads 



(/) = J dEk{f{Ek;U)-fiEk;0)) 
e^ 



(7) 



This is the well-known Landauer formula for the current 
through a quantum wire. Without inelastic scattering in 
the wire, Eq. |(7J) holds for flnite, but moderate tempera- 
tures and applied voltages (fcsT, eU <C Ep)i^. 
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III. NOISE OSCILLATIONS 

The finite frequency current noise at position x of the 
quantum wire is defined by the expression 



P{lo,x) = j dte-*({A/(t,a;),A/(0,x)}+) 



(8) 



where A/(t, x) = /(t, x) — (/) is the current fluctuation 
operator. Without loss of generality, we assume w > 
and X > Q. Inserting the current operator © into the 
definition of the current noise |(SJ), we find 



P(a;,x) 
t 



,„i,...,A:4 



K3 -r K3 

h.c 



(9) 



where the i-integration in Eq. JSJ) has already been car- 
ried out, and the symbol (. . .)c represents the connected 
expectation value. Exploiting Wick's theorem, see e.g. 
Ref. 0, we can only pair fei = ^4 = — 2vnLo jfif-l"^ 
and fc2 = ^3. To simplify our notation, we set k2 = k 
and define = (fc^ — 2mto/hY^'^. Then, the resulting 
expression for the current noise reads 



P{lo,x) 



Amfi ^-^ \k^ 

k>0 



{r'{k,u;) (^LV^fe) (v^^VV^fe. 
+f''\k,u;) [rky<l>k) ('/'fcV^fe^ 
+r''{k,u;) (v^LWfc) (-^feVV-fc. 
+f''{k,u;) (cWfc) (V-^V^fc^)} , 
where we have introduced the short-hand notation 



(10) 



r^ik,Lu)^ 

r{k^){i-f{k)) + {i-r{k^j)f{k) 

with /" — f{k;U) and = /(fc;0). In the remaining 
part of this section we assume a linear dispersion rela- 
tion, which is justified for instance in single wall carbon 
nanotubes''^- and is also appropriate to cleaved edge over- 
growth quantum wires for small applied voltages U and 
low temperatures T. In that case, the energy of the 
right-mover eigenstates may be replaced by hvpik — kp) 
and analogously the energy of the left-mover eigenstates 
by —hvpik — kp). We then find for the finite frequency 
current noise (x > 0) at zero temperature 



Piuj,x) 



h e vp 
(2m)2 



eU /hvF-]-k p 



dk 
2^ 



A{k,uj) 



dk 



2fc H I X 

VP ^ 



1 - 27^ COS 



/ 2ujx 

\ VP 



) + 2 1 — I 7^ 

vp 



/dk 
— A{k,uj) 
27T 

elJ /hvF-\-k~ 
eU/hvF-\-k^ 



+Q{eU-nuj) j 



dk 
2^ 



A{k,oj)\, (11) 



where Q{x) is the Heaviside function, kp = kp — uj/vp, 
and 



A{k,uj) = 



2k+—] TZT 

vp, 



Vp 



T 



Since we are interested in the current noise away from the 
impurity site, in Eq. pil) we have omitted all contribu- 
tions of Eq. (|10|l containing factors of exp[z2fcx], which 
decay like 1/x after doing the fc-integrals in Eq. lll|l . 
The neglected exp[i2fca;]-terms lead to short wavelength 
noise oscillations having the same origin as the well- 
known Friedel oscillations^^. If we now integrate over 
k in Eq. (|ll|l we obtain for eJ7, Tiio ^ Ep the current 
noise 



P{lo,x) 



-\{\eU + riuj\ + \eU ~riuj\)'RT 



h\uj\ 1 - 27^cos 



(If) 



(12) 

With cos(2a;x/wF) 1, Eq. l(T^ was derived earher by 
Yang^^. However, this low frequency approximation is 
not appropriate to determine the finite frequency cur- 
rent noise far away from the impurity. Let us con- 
sider two limits of Eq. I|12|l . For w = 0, the shot noise 
P{0,x) = 2{e^/h)TZT\U\ is independent of the point of 
measurement as it should be. On the other hand, the 
equilibrium noise for U — reads 

o2 



Po{uj,x) 



|w| X 



TZT + - 1 - 27ecos 

2 V V "^^^ 
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As a consequence of the fluctuation-dissipation 
theoremSSi, Pq{lj,x) is related to the real (dissipa- 
tive) part of the frequency-dependent conductance 
by 



with fc^ = {kj, - 2mw/n)i/2 and = (fc^ - 2mui/ny/'^. 



Po{uj,x) = 2n\Lu\ Re[G{uj,x) 



(13) 



Therefore, Re[G(u;,x)] is an oscillating function of fre- 
quency with a period t:vf/x and shows peaks with a 
maximum height of 2e^//i, only truly reached for TZ = 1. 
These findings are in agreement with the analysis by 
Blanter, Hekking, and Biittiker of the dynamic conduc- 
tance of an interacting quantum wire capacitively cou- 
pled to a gateS^. 

The appearance of the cos(2Li;x/tiF)-term in Eq. H12fl 
is the main result of this chapter. Note, that the noise 
oscillations with the long wavelength vf/t^^ have to be 
distinguished from the Friedel-type noise oscillations with 
the short wavelength Tr/kp discussed in Ref. 0. Evi- 
dently, for a very strong backscatterer (7?, « 1) the os- 
cillating part of Eq. (|12|1 is most pronounced. Therefore, 
to further analyze the noise oscillations, we will focus on 
the situation of a half-open quantum wire (JZ = 1 at the 
boundary) in the following. Then, the shot noise con- 
tribution of Eq. (|12|l vanishes and the equilibrium finite 
frequency current noise is given by 



P{uj,x) = 2—n\uj\ 



/2ujx 
1 — cos 



(14) 



At the point x of measurement of the current noise the 
incoming and the reflected current noise waves interfere, 
leading to a suppression or an enhancement of the mea- 
sured noise depending on the time 2x/vf an electron 
needs to return to the position x after a reflection at 
X = 0. Remarkably, the noise oscillations at zero tem- 
perature in Eq. (|14|l do not decay away from the open 
boundary - a situation certainly due to idealizations. To 
see if and how those noise oscillations survive in more 
realistic systems we explicitly treat finite band curvature 
and intrinsic electron-electron interaction in the next two 
chapters. 



While the result for P{uj,x)/Po (with Pq = 2{e^ / h)n\uj\) 
derived in the previous section, see Eq. ifTHl , only depends 
on a single dimensionless parameter, namely ujx/vf, in 
Eq. (|15|l a second dimensionless parameter arises. This 
is Eq = Tluj/Ef, where Ef = h^kp/2m. In the hmit 
Eq ^ Q with ujx/vF fixed, the full result (|15|l reduces 
to Eq. (|14|l . the result with linear dispersion. A simple 
expansion of Eq. (|15|l in powers of Eq does not capture 
the qualitive behavior of the full solution IjlSI) , character- 
ized by a decay and a beat of the noise oscillations as a 
function of Lox/vp (see Fig.^. Similarly, an asymptotic 
expansion for large ux/vf, which could explain the de- 
cay, does not give any information about the interesting 
parameter regime lox/vf G [0i27r]. To further analyze 
the behavior of Eq. (|15|) . we have expanded the lower 
boundary k'f< as well as /c^^ in the integrand in powers of 
2muj /hk'^p and 2muj /Tik'^ , respectively. This procedure is 
reasonable for fiuj Ep, because the integration vari- 
able k only takes values close to kp, k E [kpjkp], and 
the integrand of Eq. (|15|l is smooth for k near kp- Then, 
we can do the integration in Eq. H15|l easily and find 



Piuj,x) 
Po 



EqUJX 



( 2lox 
cos 



EqUJX 
2VF 



(16) 



Evidently, Eqs. and both reduce to Eq. ifTH) 
in the limit Eq with cux/vp fixed. Furthermore, 
Eqs. H15|) and H16|) show qualitatively the same oscillat- 
ing behavior superimposed by a beat as a function of 
Lux/vp- This is illustrated in Fig.^ where the noise de- 
duced from Eqs. (|14|) . 115|l . and p6(l is plotted versus 
Lux/vp. A comparison of the full solution (|15|) and our 
simple model (I16|l tells us that the amplitude of the os- 
cillations of P{u!^x) decays at least like vf/Equjx away 
from the scatterer and reaches asymptotically the value 
Po- Additionally, we also see that the phase of the noise 
oscillations is modified by band curvature effects. 



IV. EFFECT OF BAND CURVATURE 



EFFECT OF COULOMB INTERACTION 



Band curvature of the dispersion relation of electrons 
induces a decay of the noise oscillations away from the 
scatterer. To investigate how fast these noise oscillations 
decay, we go back to Eq. (fTUIl , but keep only track of the 
non- vanishing terms for a half-open quantum wire, where 
71=1 (T = 0). Again we neglect all (2fci;-a;)-oscillating 
contributions. Then, we find the following expression for 
the current noise at zero temperature 



P(u;,x) = 

kF 

he^ fdk^ 
m J 2n 



1 — cos (2 {ki^ — k) x) 



(15) 



Now, we turn to the effect of Coulomb interaction on 
the noise oscillations. A half-open strongly interacting 
ID electron system can most easily be described in the 
framework of open boundary bosonizationS4. Following 
closely the notation of Fabrizio and Gogolin24 we set h = 
1 in this section, except for the final result. Then, the 
full Hamiltonian of the system reads 



H = Hq + Hi 
with the kinetic contribution 



Hq = 



dxtp\x)e{-'idx)'(p{x) 



(17) 



(18) 



5 




20 30 

cox/v^ 



FIG. 1: Finite frequency current noise P{uj,x) in units of 
Po ~ 2{e'^ / h)h\Lo\ as a function of ujx/vf for a half-open quan- 
tum wire. The (black) solid line shows the result 11151 corre- 
sponding to a ID electron system with a quadratic dispersion 
relation, the (blue) dot-dashed line illustrates the approxi- 
mate result llfcil for Eq = hu/Ep = 0.1, and the (red) dashed 
line corresponds to Eq. 11411 . the current noise of an electron 
system with linear dispersion. It is clearly visible that a finite 
band curvature modifies the amplitude and the phase of the 
noise oscillations. 



and the electron-electron interaction contribution 

Hi = \j dxdy ^jHx)ipHy)U{x - y)^{y)^j{x) , (19) 

where e{k) is the dispersion relation of the ID band, and 
^^{x) is the electron annihilation operator obeying the 
open boundary conditions 



V'(-£) = ^(0) = . 



(20) 



To simplify the full Hamiltonian (|17|l . Fabrizio and 
Gogolin have bosonized the fermionic operators in 
Eqs. H18|l and H19(l assuming a linear dispersion relation. 
The operator can be written down in terms of right 
and left moving fields 

Due to the boundary conditions (|20|l these fields are not 
independent, but satisfy by their definition^'* 

iPl{x) = -Tj}R{-x) . 

Therefore, all electron operators in the framework of open 
boundary bosonization can be expressed in terms of e.g. 
right moving fields only, living in the parameter space 
X € [—L,L]. In the usual way, the interacting electron 



field ipii{x,t) can be bosonized with the help of a free 
boson field <j){x, t) 



\/27rao 



(21) 



Here, oq is the lattice constant of the underlying lattice 
model and g is the LL interaction parameter, which is 
related to the Fourier transform [7(fc ^ 0) of the inter- 
action potential U{x - y) in Eq. (Q^l^^- Then, < .g < 1 
for repulsive interactions and 5 — > 1 in the noninteracting 
limit. In the next step, the field 0(a;, t) may be expanded 
in terms of boson creation 6j and annihilation hq opera- 
tors, yielding 



g>0 



(22) 

In that representation the momentum of the system takes 
quantized values q = -Kn/L. With the approximations 
of linear dispersion and short range interactions made, 
the bosonic Hamiltonian of the full interacting fermion 
systems, Eq. (|17ll . takes a very simple form24 



g>0 



(23) 



where v — vp / g is the renormalized sound velocity. 

In terms of the bosonic field the electron density of 
right- and left-moving excitations reads 



PR/L{X,t) = h 



1 



dx(j){±x,t) . 



This allows us to write a bosonic form of the current 
operator 



I{x,t) 



{dx<l}{x,t) - dx(t)i-x,t)) , 



(24) 



which we combine with Eq. (jSJ to compute the current 
noise 
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a, {{cf>{x, t) - cj){-x, t), cl){x, 0) - 0)}+) 



(25) 



To proceed, we need to calculate the bosonic correlation 
function with respect to the groundstate of the Hamilto- 
nian l|23(l . At zero temperature, a straightforward calcu- 
lation for large system size L yields 

{(t>{x, t)(/)(a;', 0)) = — In (^—i — {x — x' ~ vt + iao)j . 

(26) 

In the limit i — > 00 this may be inserted into the expres- 
sion 1)2 5|l for the current noise to give 



dt e'"* 



1 



(t - iao/vY 
1 



{2x/v — t + ia^/vY (2x/v + t — iao/vy 



.(27) 
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Doing the integral and then sending 0, the final 

result reads 

P{lu,x) ^2g^h\u;\(^l^ cos (^^^^^^ , (28) 

where we have re-introduced h. A comparison of 
Eqs. ifTH) . l(TB|) . and shows, that unhke band cur- 
vature short range electron-electron interaction with a 
linear dispersion does not lead to a decay of the noise 
oscillations, but instead suppresses the amplitude by a 
factor g and increases the wavelength of the oscillations 
by a factor 1/g. This shows that the noise oscillations are 
also present in an interacting quantum wire with finite g. 
Only for very strong interactions (g — *■ 0) the noise oscil- 
lations will vanish. That the noise oscillations survive in 
the presence of Coulomb interaction can be understood 
as a consequence of the lack of strict electroneutrality in 
a LL. In the presence of gates that screen the long range 
part of the Coulomb interaction, only the part (1 — g^)Q 
of a charge Q on the quantum wire is screened internally, 
the remaining part g^Q being compensated by the nearby 
gates^S,. Therefore, if g > 0, which is the typical experi- 
mental situation, the quantum wire can become charged 
and exhibit the spatial noise oscillations H28|) . 

VI. CONCLUSIONS 

To summarize, first, we have studied the finite fre- 
quency current noise of a non interacting quantum wire 
with an impurity. In the equilibrium part of the finite 
frequency current noise, which is related to the real part 



of the dynamic conductance by means of the fluctuation- 
dissipation theorem, we have found long wavelength spa- 
tial oscillations, which can be explained by simple quan- 
tum mechanical wave dynamics. Those oscillations are 
absent in the shot noise limit {uj — > 0) as well as the ballis- 
tic limit {T ^ 1). The oscillations are most pronounced 
for a half-open quantum wire, where the boundary can 
be regarded as a very strong backscatterer. We have 
shown that finite band curvature leads to a moderate de- 
cay of the noise oscillations. The strength of this decay 
is proportional to Eq = hco/Ep, where small Eq means 
weak decay. Furthermore, we have discussed the noise 
oscillations in strongly interacting half-open ID systems 
using the LL model. We have found that the ampli- 
tude of the spatial oscillations decreases with increasing 
electron-electron interaction, while the wavelength of the 
oscillations is enhanced by the LL interaction parameter. 
Finally, we remark that all results for the current noise 
derived here were obtained in the limit L — > oo of a very 
long quantum wire and thus only hold for frequencies tu 
above vp/L. To treat frequencies below vp/L, a finite 
L calculation has to be carried out. Then, in particular 
for the case of interacting electrons in the quantum wire, 
the (non interacting) external reservoirs must explicitly 
be taken into account2&. 
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